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Abstrat
Neessary and suient onditions for a dense subspae of a Hilbert spae
to be a linear Hilbertian manifold domain are given. Some relations between
linear Hilbertian manifold domains and domains of self-adjoint operators are
found.
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1 Introdution
Manifold domains play an important role in geometri formulation of quantum me-
hanis [1, 2℄ and in general innite dimensional Hamiltonian systems [3℄.
Denition 1.1. A subset D of a Banah manifold M is a manifold domain provided
1. D is dense in M ,
2. D arries a Banah manifold struture of its own suh that the inlusion i :
D →M is smooth,
3. for eah p ∈ D, the linear map Tpi : TpD → TpM is a dense inlusion.
Note that D is not a submanifold of M in the sense of S.Lang [4℄. In this paper we
onsider the ase when M is a Hilbert spae, D is a dense linear subspae of M and
D arries a Hilbert spae struture of its own. Then it is obvious that i : D → M
is linear and if i : D →M is ontinuous then it is also holomorphi if M is omplex
and smooth if M is real. Thus we arrive at the following
Denition 1.2. A linear subspae D of a Hilbert spae H is alled a linear Hilbertian
manifold domain of H if
1. D is dense in H,
2. D arries a Hilbert spae struture of its own suh that the inlusion i : D → H
is ontinuous.
(Observe that in the linear ase the assumption (3) of Denition 1.1 is ontained in
(1) and (2)).
Perhaps, the most transparent example of a linear Hilbertian manifold domain is the
Sobolev spae Wm2 (Ω). Let Ω be some domain of R
n
and L2(Ω) be the Hilbert spae
of all omplex funtions on Ω for whih | · |2 is integrable on Ω. The salar produt
and the norm in L2(Ω) are dened by
(f, g)L2(Ω) :=
∫
Ω
f(x)g(x)dx (1)
‖f‖L2(Ω) :=
√
(f, f)L2(Ω), f, g ∈ L
2(Ω) (2)
(The overbar stands for the omplex onjugation). Sobolev spae Wm2 (Ω) is dened
by
Wm2 (Ω) := {f ∈ L
2(Ω) : D(i1,...,in)f ∈ L2(Ω), 0 ≤ i1 + ...+ in ≤ m} (3)
where D(i1,...,in)f := ∂
i1+...+inf
∂x
i1
1 ...∂x
in
n
and all derivatives are taken in the sense of the theory
of distributions. Then one introdues a salar produt (·, ·)Wm2 (Ω)
(u, v)Wm2 (Ω) :=
∑
0≤i1+...+in≤m
(D(i1,...,in)u,D(i1,...,in)v)L2(Ω) (4)
for u, v ∈ Wm2 (Ω). It an be shown that W
m
2 (Ω) endowed with the salar produt
(4) is a separable Hilbert spae. It is also obvious that
‖u‖L2(Ω) ≤ ‖u‖Wm2 (Ω) (5)
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and this leads to the onlusion that the inlusion i : Wm2 (Ω) → L
2(Ω) of the
Hilbert spae
(
Wm2 (Ω), (·, ·)Wm2 (Ω)
)
into L2(Ω) is ontinuous. Finally, sine Wm2 (Ω)
is a dense linear subspae of L2(Ω) one onludes that the Sobolev spaeWm2 (Ω) is a
linear Hilbertian manifold domain of L2(Ω). To follow further we onsider a Hilbert
spae H˜,
H˜ := {(f (0,...,0), ..., f (i1,...,in), ..., f (0,...,m)) : 0 ≤ i1 + ...+ in ≤ m, f
(i1,...,in) ∈ L2(Ω)}
(6)
(F,G)
H˜
:=
∑
0≤i1+...+in≤m
(
f (i1,...,in), g(i1 ,...,in)
)
L2(Ω)
(7)
where F = (..., f (i1,...,in), ...), G = (..., g(i1 ,...,in), ...) ∈ H˜. Then one denes a linear
operator D(m) : Wm2 (Ω)→ H˜
D(m)u :=
(
D(0,...,0)u, ...,D(i1,...,in)u, ...
)
, 0 ≤ i1 + ...+ in ≤ m, u ∈W
m
2 (Ω). (8)
It an be shown that the operator D(m) is losed. With the use of D(m) the salar
produt (4) in Wm2 reads
(u, v)Wm2 (Ω) = (D
(m)u,D(m)v)
H˜
, u, v ∈Wm2 (Ω). (9)
Now the natural question arises if for any linear Hilbertian manifold domain D ⊂ H
there exists a losed linear operator A from D to some Hilbert spae H˜ suh that
the Hilbert struture on D is dened analogously to (9) by
(ψ, φ)D = (Aψ,Aφ)H˜ , ψ, φ ∈ D. (10)
The answer to this question is the main point of our paper.
2 Main theorem
We start with the following
Lemma 2.1. Let H be a Hilbert spae and D ⊂ H be a linear dense domain of n
losed linear operators: A1 : D → H1, ..., An : D → Hn where H1, ...,Hn are Hilbert
spaes. For 1 ≤ k ≤ n dene a salar produt in D by
(ψ, φ)
(k)
D := (ψ, φ)H +
k∑
i=1
(Aiψ,Aiφ)Hi , ψ, φ ∈ D. (11)
Then
(
D, (·, ·)
(k)
D
)
is a Hilbert spae and the inlusion i : D → H of
(
D, (·, ·)
(k)
D
)
into (H, (·, ·)H ) is ontinuous, what implies that D is a linear Hilbertian manifold
domain of H. Moreover, the norms ‖ · ‖
(k1)
D =
√
(·, ·)
(k1)
D and ‖ · ‖
(k2)
D =
√
(·, ·)
(k2)
D
are equivalent for any 1 ≤ k1, k2 ≤ n.
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Proof. Let {φj}
∞
1 , φj ∈ D, be a Cauhy series with respet to the norm ‖ · ‖
(k)
D
(1 ≤ k ≤ n), i.e.,
lim
j,l→∞
‖φj − φl‖
(k)
D = 0. (12)
From (11) and the denition of ‖ · ‖
(k)
D it follows that (12) yields
lim
j,l→∞
‖φj − φl‖H = 0 (13)
lim
j,l→∞
‖Aiφj −Aiφl‖Hi = 0, i = 1, ..., k (14)
what means that {φj}
∞
1 , {A1φj}
∞
1 , ..., {Akφj}
∞
1 are Cauhy series in H,H1, ...,Hk
respetively. Hene, there exist φ ∈ H,ψ1 ∈ H1, ..., ψk ∈ Hk suh that
lim
j→∞
‖φj − φ‖H = 0 (15)
lim
j→∞
‖Aiφj − ψi‖Hi = 0, i = 1, ..., k. (16)
Sine Ai, ..., Ak are losed
φ ∈ D (17)
and
Aiφ = ψi, i = 1, ..., k. (18)
Therefore
(
‖φj − φ‖
(k)
D
)2
= ‖φj − φ‖
2
H +
k∑
i=1
‖Ai(φj − φ)‖
2
Hi
→ 0 (19)
and it means that
(
D, ‖ · ‖
(k)
D
)
is omplete for eah 1 ≤ k ≤ n. Consequently(
D, (·, ·)
(k)
D
)
is a Hilbert spae for any 1 ≤ k ≤ n. Obviously
‖ψ‖H ≤ ‖ψ‖
(k)
D , ψ ∈ D, k = 1, ..., n. (20)
From (20) one gets that the inlusion i : D → H is a ontinuous mapping from(
D, (·, ·)
(k)
D
)
into (H, (·, ·)H ). Thus D is a linear Hilbertian manifold domain of H.
Moreover
‖ · ‖
(k1)
D ≤ ‖ · ‖
(k2)
D (21)
for any k1 ≤ k2. Therefore, employing the open mapping theorem [5℄ one onludes
that the norms ‖ψ‖
(k1)
D and ‖ψ‖
(k2)
D are equivalent. The proof is omplete.
Observe that dening
H˜(k) = H ⊕H1 ⊕ ...⊕Hk
A˜(k) : D → H˜(k), A˜(k)(ψ) := ψ ⊕A1ψ ⊕ ...⊕Akψ, ψ ∈ D, 1 ≤ k ≤ n. (22)
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we an rewrite (11) in the following ompat form
(ψ, φ)
(k)
D =
(
A˜(k)ψ, A˜(k)φ
)
H˜(k)
. (23)
Of ourse A˜(k) : D → H˜(k) is a losed linear operator. From Lemma 2.1 one easily
obtains
Corollary 2.1. [1℄ If DA ⊂ H is a dense domain of a self-adjoint operator A :
DA → H, A = A
∗
, then (DA, (·, ·)DA ) with
(φ,ψ)DA := (φ,ψ)H + (Aφ,Aψ)H (24)
is a Hilbert spae and the inlusion i : D → H is ontinuous, what implies that DA
is a linear Hilbertian manifold domain of H.
Proof. A = A∗ =⇒ A is losed. Then from Lemma 2.1 we get the thesis.
The fat that any dense domain of a self-adjoint operator is a linear Hilbertian
manifold domain appears to be fundamental in geometrial formulation of quantum
mehanis (see [1℄). Before giving the main theorem we prove a simple lemma
Lemma 2.2. Let (H, (·, ·)H ) be a Hilbert spae and D ⊂ H be a dense linear subspae
of H. If there exists a salar produt (·, ·)D in D suh that (D, (·, ·)D) is a separable
Hilbert spae and ‖f‖H ≤ a‖f‖D ∀f ∈ D, a > 0, then
dim (H, (·, ·)H ) = dim (D, (·, ·)D) . (25)
Proof. For dim (D, (·, ·)D) <∞ the proof is trivial. Let dim (D, (·, ·)D) = ℵ0, where
ℵ0 is the ardinal number of the set of natural numbers N. From the assumption that
the norm ‖ · ‖D is stronger than ‖ · ‖H and D is dense in (H, (·, ·)H ) it follows that
every set whih is dense in (D, (·, ·)D) is also dense in (H, (·, ·)H ). Sine (D, (·, ·)D)
is separable there exists a ountable dense set S in (D, (·, ·)D). Then S is also dense
in (H, (·, ·)H ). Thus (H, (·, ·)H ) is separable and (25) holds true.
From Lemma 2.2 one gets
Corollary 2.2. If a linear Hilbertian manifold domain D of H admits a salar
produt (·, ·)D suh that (D, (·, ·)D) is a separable Hilbert spae and ‖f‖H ≤ ‖f‖D
then the Hilbert spae (H, (·, ·)H ) is also separable.
Now we are in a good position to prove the main theorem:
Theorem 2.1. Let (H, (·, ·)H ) be a Hilbert spae and let D ⊂ H be a dense linear
subspae of H. If there exists a linear operator A : D → H satisfying the following
onditions
(a) A is one-to-one and A(D) = H,
(b) The inverse operator A−1 : H → D is bounded,
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then D is a linear Hilbertian manifold domain of H and
(f, g)D := (A ◦ if,A ◦ ig)H , f, g ∈ D, (26)
where i : D → H is the inlusion of D into H, denes a salar produt in D suh
that (D, (·, ·)D) is a Hilbert spae and the inlusion i : D → H of the Hilbert spae
(D, (·, ·)D) into (H, (·, ·)H ) is ontinuous.
Conversely, if D ⊂ H is a linear Hilbertian manifold domain of H and (·, ·)D is
any salar produt in D suh that (D, (·, ·)D) is a separable Hilbert spae and the
inlusion i : D → H is ontinuous then there exists a linear operator A : D → H
satisfying (a) and (b) and suh that the salar produt (·, ·)D is given by (26). Any
linear operator satisfying (a) and (b) is losed.
Proof. Let A : D → H be a linear operator fullling (a) and (b). One easily shows
that the formula (26) denes a salar produt (·, ·)D in D. We prove that (D, (·, ·)D)
is a Hilbert spae. Let {fn}
∞
1 , fn ∈ D, be a Cauhy series in (D, (·, ·)D) i.e.,
lim
n,m→∞
‖fn − fm‖D = 0. (27)
Denote H ∋ hn := A ◦ ifn. By (26) and (27)
lim
n,m→∞
‖hn − hm‖H = 0.
This means that {hn}
∞
1 is a Cauhy series in H and, onsequently, there exists h ∈ H
suh that
lim
n,m→∞
‖hn − h‖H = 0.
Dene f := i−1 ◦ A−1h ∈ D. Then
‖fn − f‖D = ‖hn − h‖H → 0.
Hene f ∈ D is the limit of the Cauhy series {fn}
∞
1 . This proves the ompleteness
of (D, (·, ·)D) and one onludes that (D, (·, ·)D) is a Hilbert spae. For any vetor
g of this Hilbert spae
‖g‖D = ‖A ◦ ig‖H . (28)
By the ondition (b)
‖ig‖H = ‖A
−1 ◦A ◦ ig‖H ≤ ‖A
−1‖‖A ◦ ig‖H ⇒ ‖ig‖H ≤ ‖A
−1‖‖g‖D . (29)
Therefore, the norm ‖ · ‖D is stronger than ‖ · ‖H and the inlusion i : D → H is
ontinuous. This ends the proof of the rst part of our theorem.
To prove the seond part, rst note that under the assumption that the Hilbert spae
(D, (·, ·)D) is separable Lemma 2.2 gives
dim (D, (·, ·)D) = dim (H, (·, ·)H ) = ℵ0.
Hene there exists an isometry U : H → D of (H, (·, ·)H ) onto (D, (·, ·)D) [5, 6℄
(Uh1, Uh2)D = (h1, h2)H , h1, h2 ∈ H. (30)
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Then the linear operator i ◦ U : H → D ⊂ H is a one-to-one bounded (with respet
to ‖ · ‖H) linear operator from H onto D. Consequently, the inverse operator
(i ◦ U)−1 =: A : D → H
is a one-to-one linear operator fromD onto H and obviously it satises the onditions
(a) and (b). Then it is easy to see that (30) leads to (26). This proves the seond
part of the theorem.
Finally, sine A−1 : H → D is by (b) a bounded linear operator, it is also losed.
Hene, A : D → H being an inverse operator to the losed linear operator A−1 is
also losed [6℄. The proof is omplete.
The formula (26) orresponds to the formulas (9), (10) or (23) but now the Hilbert
spaes H˜ or H˜(k) are exatly the original Hilbert spae H to whih the linear Hilber-
tian manifold domain D belongs. From Theorem 2.1 one onludes that:
Every linear Hilbertian manifold domain D of H, admitting a salar produt (·, ·)D :
D × D → C suh that (D, (·, ·)D) is a separable Hilbert spae and the inlusion
i : D → H is ontinuous, is the domain of some linear operator A : D → H satisfy-
ing the onditions (a) and (b). These onditions imply that A is losed.
Corollary 2.1 tells us that any dense domain of a self-adjoint operator is a linear
Hilbertian manifold domain. We are not able to prove if the inverse statement is
also true. Nevertheless, in the next setion we prove some weakenned form of this
statement.
3 Self-adjoint operators and linear Hilbertian manifold
domains
Let H be a separable Hilbert spae and D ⊂ H be a linear Hilbertian manifold
domain of H. Employing Theorem 2.1 one an easily show that there exists a linear
Hilbertian manifold domain DA of H, DA ⊂ D ⊂ H, and an operator A : DA → H
satisfying (a) and (b). Sine A is a losed linear operator and DA is dense in H the
operator B := A∗A is self-adjoint and positive, and the domain of B, DB ⊂ DA ⊂
D ⊂ H is dense in H (see [6℄). A−1 : H → DA is a one-to-one and bounded linear
operator from H onto DA whih implies that (A
−1)∗ : H → D∗A is also a one-to-one,
bounded linear operator from H onto D∗A. It an be proved [6℄ that (A
−1)∗ = (A∗)−1.
Consequently, the linear operator B = A∗A : DB → H is a one-to-one, self adjoint
and positive operator from DB onto B(DB). We dene salar produt (·, ·)B in DB
by
(f, g)DB := (Bf,Bg)H , f, g ∈ DB (31)
One an show that
‖f‖DB ≥
1
‖A−1‖2
‖f‖H , f ∈ DB (32)
where as usually ‖f‖DB =
√
(f, f)DB .
Let {fn}
∞
1 , fn ∈ DB , be a Cauhy series in (DB , (·, ·)DB ) i.e.,
lim
n,m→∞
‖fn − fm‖DB = 0 (33)
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By (32) and (33) we get
lim
n,m→∞
‖fn − fm‖H = 0 (34)
Hene, there exists f ∈ H suh that
lim
n→∞
‖fn − f‖H = 0 (35)
But from (31) and (33) it follows that there exists g ∈ H suh that
lim
n→∞
‖Bfn − g‖H = 0 (36)
Sine B : DB → H is self-adjoint it is also losed and, onsequently, f ∈ DB and
g = Bf . Finally, one onludes that
lim
n→∞
‖fn − g‖DB = limn→∞
‖Bfn −Bf‖H = 0 (37)
and it means that (DB , (·, ·)DB ) is a Hilbert spae. Moreover, by (32) the inlusion
i : DB → H is ontinuous. Thus we arrive at the following
Theorem 3.1. Let D be a linear Hilbertian manifold domain of a separable Hilbert
spae (H, (·, ·)H ). Then there exists a dense linear subspae DB of H, DB ⊂ D ⊂ H
and a self-adjoint positive linear operator B : DB → H suh that (DB , (·, ·)DB ) is a
Hilbert spae with
(f, g)DB := (Bf,Bg)H , f, g ∈ DB
and the inlusion i : DB → H is a ontinuous inlusion of (DB , (·, ·)DB ) into
(H, (·, ·)H ).
Analogously as in Lemma 2.1 one gets that the salar produt < ·, · >DB in DB
dened by
< f, g >DB= (f, g)H + (Bf,Bg)H , f, g ∈ DB (38)
leads to the norm in DB equivalent to that given by the salar produt (·, ·)DB .
Conluding one an say that:
If D is a linear Hilbertian manifold domain of a separable Hilbert spae H then there
exists a linear Hilbertian manifold domain DB ⊂ D ⊂ H of H whih is the domain
of some self-adjoint positive linear operator B : DB → H.
This onlusion is a weakened form of the statement inverse to Corollary 2.1.
4 Manifold domains and observables in geometri quan-
tum mehanis
In ordinary quantum mehanis observables are represented by densely dened self-
adjoint linear operators in a separable Hilbert spae H. As is well known if O :
DO → H is a self-adjoint linear operator from DO ⊂ H to H then
exp{itO} :=
∫ +∞
−∞
exp{itλ}dEλ, t ∈ (−∞,+∞) (39)
(where Eλ, λ ∈ (−∞,+∞) is the spetral measure assoiated with O) denes a
strongly ontinuous one-parameter group of unitary operators on H. Conversely, by
7
Stone's theorem, every strongly ontinuous one-parameter group of unitary operators
on H is given by (39). Hene, in quantum mehanis observables be eventually
indentied with strongly ontinuous one-parameter groups of unitary operators on
H. In geometri quantum mehanis [1, 2, 7, 8, 9, 10℄ an observable is represented
by the so alled observable funtion
H ⊃ DO ∋ f → 〈O〉(f) := (Of, f)H ∈ R. (40)
From Corollary 2.1 it follows that DO is a linear Hilbertian manifold domain of H.
Then the Hamiltonian vetor eld X on DO dened by the observable funtion (40)
Xfy ω = d〈O〉(f), f ∈ DO (41)
where ω is the natural sympleti form on H
ω(f, g) := −2Im(f, g), f, g ∈ H (42)
generates (uniquely) the one-parameter ontinuous group R×H ∋ (t, g) 7−→ ϕt(g) ∈
H of Kähler isomorphisms of H satisfying
dϕt(f)
dt
|t=0 = Xf , f ∈ DO. (43)
(Reall that a Kähler isomorphism of H is suh an isomorphism whih preserves the
Kähler struture on H)
Conversely, again by Stone's theorem, every one-parameter ontinuous group R×H ∋
(t, g) 7−→ ϕt(g) ∈ H of Kähler isomorphisms of H denes (uniquely) an observable
funtion 〈O〉 determined on some linear Hilbertian manifold domain DO ⊂ H a-
ording to (40). The Hamiltonian vetor eld X on DO given by (41) satises the
relation (43).
Remark: All that an be easily arry over to the projetive spae PH whih is the
true phase spae in quantum theory (see [1, 2℄ and [7, 8, 9, 10℄ for details). We don't
onsider this problem as we deal with linear domains of Hilbert spae H.
From Theorem 3.1 one an extrat an interesting onlusion:
For any linear Hilbertian manifold domain D of a separable Hilbert spae H there
exists a positive observable funtion 〈B〉 : DB → R (〈B〉(f) ≥ 0 ∀f ∈ DB; 〈B〉(f) =
0⇐⇒ f = 0) where DB ⊂ D ⊂ H is some linear Hilbertian manifold domain.
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